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Abstract

In this paper, basic concepts of Fourier transforms are introduced. Then properties of Fourier
transform methods are explained. Finally, applications of Fourier transform methods to heat
equation and wave equation are presented with some examples.
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Introduction

Joseph Fourier, a French mathematician, invented a method called Fourier transform in
1801, to explain the flow of heat around an anchor ring. Since then, it has become a powerful
tool in diverse fields of science and engineering.

The purpose of this paper is to solve boundary value problems by using Fourier
transform method. This paper is divided into four sections. Some basic concepts of Fourier
transforms are firstly presented. Then, the properties of Fourier transforms are proved by using
the concepts. Next convolution and Parseval identity required for the application are discussed.
Fourier transform method is finally applied to heat equation and wave equation.

Fourier Transforms

If f(x) is defined in (a,b), the integral transform of f (x)with the Kernel K(s,X) is
defined by

F(s)= f(s) :T f (X)K (s, x)dx (1)

if the integral exists.

Here, K(s,x) is called the Kernel of the transform while a, b are fixed limits. If a, b are finite,
the transform is finite and if a, b are infinite, it is infinite transform.

e ™, for x>0
I K%)= {0, for  x<0, @
and F(s) :j. f (X)K (s, x)dx,

it may be possible to get f(x) as
d
f(x)=[F(s)H(s,x)ds. ©)

Equation (3) is called the inversion formula for (1). In (1), if F(s) is known while f(x)
is unknown, it may be regarded as an integral equation.
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From the general integral transform definition, we can get various integral transforms
by properly defining the Kernel.

Infinite Fourier transform is

F(s)= f (x)e™dx

= T
N2p =,
and inversion formula is

F(s)e ™ ds.

1 o0
7l
Infinite Fourier cosine transform is
— 2 2
F.(s)=f.(x)= \/% I f () cos sx dx
0

and inversion formula is

f(x)=\/§]o F.(s)cossxds.

Infinite Fourier sine transform is

F(s) = f_s(X)Z\/gT f (x)sin sx dx
Pa

and inversion formula is

f(x)= \/ET F (s)sinsxds.

Properties of Fourier Transforms
Theorem 1

Fourier transform is linear. i.e., F[af (x)+bg(x)]=aF[f(x)]+bF[g(x)] where F
stands for Fourier transform.

Proof:
F[af (x)+bg(x)] = %pz(af (X) +bg(x))e™dx
_ab T f (x)e™dx + b— T g(x)e™*dx
N2p 2, V2p 2,
=aF [ f(x)]+bF[g(x)]. m
Theorem 2

If F[f(x)]=F(s), then F[f(x—a)]=e™F(s).
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Proof:
Ff(x-a)] =%pf f (x—a)e™dx
Putting x —a =t, we get h
F[f(x-a)] = %D]i f (t)e'@V°dt
=e® %p_]i f (t)e™dt
=e™F(s). m
Theorem 3
If E[ £ (9] = F(s), then F[f(ax)]:éF(i), where a0,
Proof:
F[ f(ax)] =%p_zeisx f (ax)dx .

Putting ax=t and a>0, we get

FlT @] =— Te“;”f(t)%

Vap !

ey i aso.
a a

S T [
F[f(ax)]_@o[e fo_ ifa<o

__L1eSyif av<o.
a a

so, F[ f (ax)] =ﬁF(§). .

Theorem 4
F{e™f(x)}=F(s+a).

Proof:

Fle™f(x) = %p T & £ (x)edx

:%p [ e f (xyax

=F(s+a). ]
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Theorem 5

If F{f(x)} =F(s), then F{f(x)cosax] :%[F(s—a)+ F(s+a)].

Proof:
1 ¢ .
F{f(x)cosax; =—— | " f (x)cosaxdx
{T0goosax) = 2o I (%)
iox e +e
F Jlaler
:%_%p:[oe‘“ f (x)(e™ +e“""x)dx}
l_ 1 i(s+a)x i(s-a)x
=—|—1|8¢© f(X)dx+—=1¢e f (x)dx
)\ T j (x) J— j (x)
:%[F(s+a)+F(s—a)]. =
Theorem 6
If F{f(x)}=F(s), then F[X"f(x)]|=(i)"
Proof:
We have
1 % .
=—— | e f(x)dx.
Bl
Differentiating with respect to s both sides, n times,
d"F(s 1 n gt
ds( ) j (ix)"e™ f (x)dx
=(i)" LT x"e"™ f (x)dx
V2p°,
=(i)"F[x“f(x)].
Therefore, F[x f(x)] (—i F[(9)]- n
Theorem 7

F[f'(x)]=—isF(s) if f(X)—>0 as x— +o.
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Proof:

1 ISX 12
F[f'(x)] Tp'[o f(x)dx
1 isx *® 00 isx +
:Tp_{e f)} __L f (x)e (|s)dx}
1 I isx *® .7 isx
:Tp_{e fx)} _IS[O f (x)e dx}
_'ST j f(x)e™ dx.
If f(x)—>0 as x— o0, then
F[f'(x)] =—isF(s). n
Theorem 8
X _F@)
F { j f (x)dx} = Gio)’
Proof:
Let f(x) :JX‘ f(x)dx.
Then, f'(x)=f(x).
F[¢'(x)] =—isF(f(x))
= —isFJX. f (x)dx.
& )
FU f(x)dXJ :_iiSF[f'(x)]
1
=5 FIf(X)]
—is
Convolution and Parseval’s Identity
Theorem 9

The Fourier transform of the convolution of f (x) and g (x) is the product of their
Fourier transforms.

That is, FIf)=g(x)] =F(s)-G(s) =F[f(x)]-F[g(x)].
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Proof:

F[f=g] = j(f*g)e‘xsdx

ﬁ\j

f (t)g(x—t)dt} e™dx

[M—f

L f(t)L \/_ j (X— t)e'xsdx Jdt

J_j f(OF [g(x—t)]dt

f (t)e"G(s) dt

- =)

:G(S).i [

=l
=G(s)-F(9),

f (t)e™dt

By inversion, we get
F[F(s)G(s)] = f*g
=F[F(s)]*F[G(s)]. u

Parseval’s identity

If F[s] isthe Fourier transform of f(x). then 'f|f(x)| dx_I|F(s)| ds.

—00

Proof:

75 | Tooe

Putting X=-V, we get

f(-v)e™ dv

=F[f(-v)]

=F[f(-x)]

FLf(x)*g(x)] =F(s)G(s)
fxg =F[F(5)G(s)]

1% 1 ¢
E_J;f(t)g(x—t)dt _E_L

F(s)G(s)e™ds.
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Putting x=0, we get

0 0

[ fa(-t)dt = [ F(s)G(s)ds. (4)

Since it is true for all g(t), we take g(t) = f(-t).
So, g(-t)=f(t).

G(s)=F[g®)] =F[f(-t)]=F(s).
Using this in (4), we get

o0 o0

[ fOF@dt = [ F(s)F(s)ds.

—00 —00

So, T|f(t)|2 dt = T\F(s)z\ds. n

—00

Applications of Fourier Transform Methods to Wave Equation and Heat Equation

Example

o°u

2
We can solve —:azﬂ, —w<X<oo, t>0 with conditions u(x,0)= f(x),
OX?

ot?
ou(x,0)

. ou
= ¢g(x) and assuming u, — — 0 as X — too.
pn g(x) gu, — 00

Let U be Fourier transform of u with respect to x. Taking Fourier transform on both
sides of given equation, we get

da _
F =OLZ(—SZU),
2—
d g +0’s’U =0
dt
Auxiliary equation is
m’+a’s’ =0
m =zias.
So,
u(s,t) =Ae™ +Be ™™, (5)
Since u(x,0)= f(x) and m= g(x),
0(s,0) = F(s) and 30 _¢5).

at
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So, U(s,0)=A+B=F(s) and W:iasm— B)=G(s).

Then, A—B _@.
oS

Hence, A= 1[F(s)+ G(S)}
2 los

o2

Using these values in (5), we get

U(S,t)_ |:F( ) G(S):| I(xst ‘: ( )_@} |ocst.

Hence,
1X0Lt 1X+(xt
u(x,t) == {f(x o) -~ j g(9)d6}+—{f(x+oct)+— | g(e)de}
Example
o . ou_, oU ,
We can solve the diffusion equation —=K?, —0< X<oo, t>0 with the
X

conditions, u(x,0)= f(x), and Z—u u tend to zero as x tend to +.
X

Fourier transform of u(x,t) is

u(x,t)e’™ dx.

1
Nl

Fourier transform of given differential equation is

u(s,t) =

K(=s*T(s,1t)) = Jl_j e d
=E[F(U)]
o
Cdt
So, d—UJrs2 Ko =0.
dt
Then U(s,t) =ce™™. (6)

Since u(x,0)= f(x),
u(s,0) =F(s). 7
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Using (7) in (6), we get

c =F(9).
So, (s,t) =F(s)e™",
Taking inverse transform, we get

u(x,t) = F‘l[F(s) e‘sz“J

= f(x)*xF(e™™")

XZ

g 4kt

2kt
(x-0)°

———[t@®e * do.

\4mkt

— (%)=

. X—0
Putting —= = ¢, we get 6:x—2«/kt .
g ZJH ¢ g ¢

So,

u(xt) =%T f(x—2Jkt ¢)e ™ do.

Conclusion

In this paper, Fourier transforms of some special functions, which can be used for
solving one dimensional wave equation and heat equation, are found.

Acknowledgement

I would like to express my sincere gratitude to Rector Dr Thein Win, University of Mandalay, for his
permission to perform this research. 1 am very deeply grateful to Professor Dr Khin Myo Aye, Head of
Department of Mathematics, University of Mandalay, for her kind permission and encouragement to carry out this
research.

References

Kandasamy, P., Thilagavathy, K., and Gunarathy, K., (2000), “Engineering Mathematics”, Volume II, S. Chand &
Company Ltd., New Delhi.

Tyn Myint-U., (1987), “Partial Differential Equations for Scientists and Engineers”, Third Edition, PTR Prentice
Hall, New Jersey.



